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Linear Response
Polarization ∝ EM �eld

A solution of Maxwell's equations:

ε(r, t) = εe i(kr−ωt) + c.c. (1)

Induced macroscopic polarization:

P(r, t) = χ(r, t)ε(r, t) (2)

χ(r, t): �rst-order susceptibility ⇒ response of the matter to an
electromagnetic �eld.

The dielectric function ε and the complex refractive index n are
related to it by:

ε(r, t) = ε0(1 + χ(r, t)), n =
√
1 + χ(r, t) (3)

Absorption, Re�ectance
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Optical Nonlinear Phenomena
Induced polarization P scales with the 2nd, 3rd, ...M-th power

of the impinging �eld E
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Harmonic Generation in MoS2

Multi-photon microscope: exciting ~ω, detecting 2~ω, 3~ω, 5~ω

A. Säynätjoki et al.Nature Communications 8, 893 (2017)

High-resolution imaging via multi-photon microscopy
6
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High-Harmonic Generation in MoS2

Femto-second excitation: exciting ~ω = 0.3 eV, detecting up to 13~ω

H. Liu et al.Nature Physics 13, 262 (2017)
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Frequency-tuned Second Harmonic Generation
Level structure of excited states in WSe2 monolayer

G. Wang et al. Phys. Rev. Lett. 114, 197403 (2015)
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Toward the four-wave mixing

In case of pair of �elds: ε(r, t) = ε1(r1, t) + ε2(r2, t − τ), one has:

P
(N) ∝ εa1

1
ε∗ b1
1

εa2
2
ε∗ b2
2

(4)

For N = (0, 1, 2, 0), the resulting 3rd order polarization is:

P(3) ∝ R
(3)(ω3, t)ε∗

1
ε2
2
e
−i(k1r+ω1t)

e
2i(k2r+ω2t) ∝

ε∗
1
ε2
2
e

+i [(2k2−k1)r+(2ω2−ω1)t], (5)

Such P
(3) propagates onto the 2k2 − k1 direction and oscillates at

2ω2 − ω1 frequency,
and is called degenerate four-wave mixing or FWM.
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Why it is worth to look into FWM∝ E∗
1
E2E2 ?

Because it o�ers an access to homogeneous dephasing time T2 = 2~/γ
in the presence of spectral inhomogeneous broadening σ

via formation of a photon echo

Rephasing of all polarizations at t = 2τ ⇒
FWM is only sensitive to microscopic dephasing, independent of σ.
σ is inferred through the time-spread of the echo.
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How to measure FWM?
Issues: 1. spatial averaging, 2. fails for nano-objects like single excitons
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? How to extract FWM of a localized state ?
Microscopy required ⇒ colinear arrangement of E1,2,3 ⇒

Optical Heterodyning

EFWM ∝ exp[ı(kFWMx− ωFWMt)]

distinct by directions - k⇒ ω - distinct in frequency

spatial homogeneity - x⇒ t - temporal invariance

Lets explain this sentence

FWM retrieval by spectral interference of the reference �eld with

the heterodyne beat at the FWM frequency
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Heterodyne FWM in 3 equations

Pulse train: N delta pulses centered at ω with the repetition rate τ−1:

E(t) = A(t)e−iωt+A(t−τ)e−iωt+A(t−2τ)e−iωt+... =
N∑
n=0

A(t−nτ)e−iωt

One needs a proper phase shifter at frequency θ acting on a pulse train:

E(t) = A(t)e−iωt + A(t− τ)e−i(ωt+θτ) + ... = e
−iωt

N∑
n=0

e
−inθτ

A(t− nτ)

Induced FWM response:

R
(−1,2)(t) ∝ E∗

1
(t)E2

2
(t) = e

iωt
∑
n

A
∗
1

(t− nτ)einθ1τ e−2iωt
∑
m

A
2

2
(t−mτ)e−2imθ2τ =

e
−iωt ∑

n

A
∗
1

(t− nτ)A2
2

(t− nτ)e−in(2θ2−θ1)τ = e
−iωt ∑

n

AFWM(t− nτ)e−inθFWMτ
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FWM micro-spectroscopy ⇒ optical lock-in

W. Langbein et al.Optics Letters 31, 1151 (2006), intensly exploited in

Grenoble

3-beam heterodyne detection & spectral interferometry

Measurement of the exciton polarization and density dynamics

with an enhanced spatio-temporal resolution: (100 fs, 300 nm)
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FWM micro-spectroscopy ⇒ in practice
Impact of an Acousto-Optic Modulator on relative phases of the

consecutive pulses within a pulse train
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Experimental setup
Heterodyne FMW

ωωωω0

Ω
1

Ω
2

encapsulated
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Detection Scheme
Spectral Interferometry with an AOM

Pa,b contains interference term

2Pa,b(ω, t) = |Er |2 + |Es |2 ± 2<(Er · E ∗
s · eıΩD t)

ω
r
+Ω

D

ω
s

ω
s

ω
r

ω
r

ω
s
-Ω

D

AOM

Balanced detection is �ltering the signal at ΩD

PD(ω) = Pa − Pb = 2
∫ T

0
<(Er · E ∗

s · eıΩD t)dt

19
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Detection Scheme
Signal selection in a mixing AOM
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Detection Scheme
Balanced detection in a mixing AOM
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Detection Scheme
Intereference period vs. delay, ∝ τ−1
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Detection Scheme
Signal retrieval in amplitude and phase

PD(ω) = 2
∫ T

0
<(Er · E ∗

s · eıΩD t)dt jest rzeczywista
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PD(ω) = 2
∫ T
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Detection Scheme
Signal retrieval in amplitude and phase

PD(ω) = 2
∫ T

0
<(Er · E ∗

s · eıΩD t)dt jest rzeczywista

F−1(PD) zawiera 2 czasowo odwrócone skªadniki

Tylko dodatnie czasy s¡ �zyczne: Θ(t)[F−1(PD)]

Transformata Fouriera do t

Zasada przyczynowo±ci
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Detection Scheme
Signal retrieval in amplitude and phase

PD(ω) = 2
∫ T

0
<(Er · E ∗

s · eıΩD t)dt jest rzeczywista

F−1(PD) zawiera 2 czasowo odwrócone skªadniki

Tylko dodatnie czasy s¡ �zyczne: Θ(t)[F−1(PD)]

Esign(ω) w amplitudzie i fazie

FT to t

Causality Principle

Back FT to ω
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Photos of the setup
Acousto-Optic Modulators used as frequency shifters

24

Exploring coherence in solids



Basics Nonlinear optical responses Relevance of FWM HSI

Photos of the setup
Acousto-Optic Modulators used as frequency shifters

24

Exploring coherence in solids



Basics Nonlinear optical responses Relevance of FWM HSI

Photos of the setup
Acousto-Optic Modulators used as frequency shifters

24

Exploring coherence in solids



Basics Nonlinear optical responses Relevance of FWM HSI

Photos of the setup
Acousto-Optic Modulators used as frequency shifters

24

Exploring coherence in solids



Basics Nonlinear optical responses Relevance of FWM HSI

Photos of the setup
Acousto-Optic Modulators used as frequency shifters

24

Exploring coherence in solids



Basics Nonlinear optical responses Relevance of FWM HSI

Photos of the setup
Acousto-Optic Modulators used as frequency shifters

24

Exploring coherence in solids



Basics Nonlinear optical responses Relevance of FWM HSI

Photos of the setup
Acousto-Optic Modulators used as frequency shifters

24

Exploring coherence in solids



Basics Nonlinear optical responses Relevance of FWM HSI

Photos of the setup
Acousto-Optic Modulators used as frequency shifters

24

Exploring coherence in solids



Basics Nonlinear optical responses Relevance of FWM HSI

Photos of the setup
Acousto-Optic Modulators used as frequency shifters

24

Exploring coherence in solids


	Basics
	Nonlinear optical responses
	Second- Third- & High-Harmonic Generation

	Relevance of FWM
	HSI

